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The low-energy theory for finite long carbon nanotube is derived and numerically examined. It
shows that the electronic structure is dominated by the quantum confining, which determines the
profile of wave functions as well as the eigen energies; while the details of the wave functions are
resolved by the structure of the nanotubes. This behavior is attributed to the peculiar electronic
structure of the nanotubes. Because of the slow variation of the profile of electron wave functions,
the measured conductance is NOT independent of the position to measure it, which is evident in the
multiprobe experiment. © 2000 American Institute of Physics. @S0003-6951~00!01542-4#Carbon nanotubes are nanoscale molecules obtained by
wrapping graphitic layers to seamless cylinders, and are typi-
cally longer than a micrometer, with diameters ranging from
1 to 20 nm.1 The discovery of single-walled carbon nano-
tubes ~SWNTs!2 has prompted numerous studies on these
exotic materials, because they would allow a much better
comparison with theory than would the multiwalled nano-
tubes. It has been theoretically predicted3 and experimentally
confirmed4 that a SWNT could be a metal, a semimetal, or an
insulator, depending on the tube diameter and wrapping
angle, which can be characterized by a pair of integer indices
(n ,m) of the wrapping superlattice vector with 0<m<n .
Since the first transport measurements on a SWNT was re-
ported in 1997,5 the finite size effects in carbon nanotubes
have attracted many interests. It is well known that limiting
the length of a SWNT will lead to a ‘‘particle-in-a-box’’
quantization of the energy levels and result in the standing
wave ~SW! characteristic in the wave functions. Remarkably,
the electronic wave functions were recently reported to be
observed in short ~10,10! carbon nanotubes by scanning tun-
neling microscopy ~STM!.6
Here we report that, contrary to conventional consider-
ation, the length limitation in carbon nanotubes may result in
peculiar characteristics of energy levels, eigen-wave func-
tions, and transmission properties. We focus on the armchair
SWNTs which were used in most of the recent experiments.
In order to give a clear picture on physics, a tight-
binding ~TB! representation of the electron states is used to
model the finite long carbon nanotubes in the numerical
treatment. The real space Green’s function method7 is em-
ployed to calculate the local density of states ~LDOS!. By
attaching 2 one-dimensional ~1D! ideal leads to the finite
system from both sides, we calculate the conductance
through the system with the linear-response approach.8 Fig-
ure 1 shows the conductance through the nanotube as a func-
tion of its static potential ~energy!, which is introduced by
the gate voltage in the experiments, in a ~10,10! nanotube
with 1139 atomic tube layers, which corresponds to the 140-
nm-long tube between the electrodes in a recent experiment.5
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general, a discrete electron level that is aligned with the
Fermi energy E f of the electrodes will cause resonant tun-
neling through the tube and result in conductance peaks. It is
interesting to find that in Fig. 1, a conductance minimum is
shown clearly to be simultaneous with the maximum of the
DOS. While the doubling of the conductance peaks, rather
than simple sequent peaks, is just the phenomenon observed
in the experiment.5 In order to give more insights of this
phenomenon, the LDOS patterns for the two lowest energy
levels above the Fermi level are calculated and shown in Fig.
2.
An armchair SWNT has a periodicity a50.246 nm along
the tube axis. The Fermi level is at kF52p/3a , where the
direction of kF is along the tube axis. In a 1D particle-in-a-
box model, the electron eigenstates ~‘‘allowed’’ states! of a
SWNT with length L are SW of the form sin(kx), with
k5mp/L ~1!
and m being integer. It is usually derived that, near the Fermi
energy EF , the allowed states are restricted to k points that
satisfy Eq. ~1!9 with k’kF . This, however, obviously does
FIG. 1. Conductance ~in units of e2/h) as a function of the energy. DOS is
plotted as a reference by the dotted line. The region near E50.038Vppp is
enlarged as an example to show the detail.4 © 2000 American Institute of Physics
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numerical result suggests a more reasonable form of the
eigen-wave functions: sin(Dkx)f(kF x) with the modulation
of f(kF x) being a slowly varied function and Dk!kF .
The profound difference between this finite size problem
and conventional particle-in-a-box one is that there exist two
bands crossing the Fermi level with
E~kF1Dk !5E~kF2Dk !, ~2!
which is due to the existence of two sublattices in nanotubes.
A more general presentation of the above equation can be
expressed as E(kF1k1)5E(kF2k2) with (0,k1 ,k2!kF).
This, however, can also be written in the form of Eq. ~2! by
defining kF85kF1(k12k2)/2, while the ‘‘Fermi wave vec-
tor’’ kF8 may be shifted slightly from the exact value of
2p/3a . It will be shown ~see below! that this shift of kF is
very small, about one order smaller than Dk ~so we have
kF8’kF). As a result, at any energy E5E(kF86Dk) the pos-
sible form of the wave function is
c~x !5ei(kF81Dk)x1cei(kF82Dk)x ~3!
with the x axis along the tube direction, and c a constant.
Considering the 1D quantum box boundary condition, we
obtain c521 and
c~x !5sin~Dkx !eikF8 x ~4!
with
Dk5mp/L ~5!
and m being integer no matter whether kF8 is or is not the
‘‘allowed’’ state of the nanotube. Moreover, noting that the
derivative of the wave function specialized above @O(Dk)#
tends to be zero near the boundary, we find that c(x) satis-
fies the more restricted boundary condition, i.e., the continu-
ity of the derivative of the wave function. This condition is
obviously not satisfied by the conventionally considered al-
lowed states in the form of sin@(kF1Dk)x#.
The boundary effects could be crucial in a short nano-
tube. Therefore, before a full consideration of the boundary
effects, we first focus on the simpler case: a nanotube with
enough long length, for which the boundary effects can be
FIG. 2. Comparison of LDOS for the two lowest energy levels in the nano-
tube with 1139 atomic tube layers. The solid and dotted curves correspond
to the first and second lowest energy levels, respectively.Downloaded 14 Feb 2010 to 130.34.135.83. Redistribution subject toneglected. In this case, the low eigen energy can be easily
calculated using the usual TB model (EF50) as
E/Vppp56
)
2 Dka7
1
8 ~Dka !
21O@~Dk !3# , ~6!
where Vppp is the nearest-neighbor interaction energy be-
tween pz orbitals oriented perpendicular to the tube axis.
And these low energy states are degenerate. It has been
pointed out that the degeneracy of energy levels may result
in antiresonances for which the conductance g tends to zero8
at the center of the energy level. Consequently, the conduc-
tance peaks through a nanotube at the allowed states will
split, with the center of the two split peaks corresponding to
the energy level. The transport measurement experiment on a
totally 3-mm-long ~10,10! nanotube5 is just the case. The
doubling of the conductance peaks was observed in this ex-
periment, and accords with our numerical results.
The LDOS patterns shown in Fig. 2 indicate that the
profile of wave function is indeed in the form of sin(Dkx), as
given in Eq. ~4!. The small oscillation of the LDOS in the
figure is caused by the boundary effects. Therefore, it opens
a route to experimentally observe the macroquantum-wave
caused by the quantum confining in nanotubes.
Let us consider a more realistic model corresponding to
the nanotubes in experiments by taking the boundary effects
into account. There should definitely exist some structural
defects, in comparison with the perfect periodic boundary
condition, including suspensive bonds of carbon atoms, pen-
tagons, and so on. The localized states induced by the defects
will, obviously, not affect the electronic transmission prop-
erties much, which is attributed mainly to the extended
states. However, the potential profile at the boundary layers,
or at the defects, is different from the inner ones. In other
words, some interim layers, where an additional static poten-
tial is considered, should be included between the periodic
structure and boundary in the simple quantum box model.
Hence the distribution of the wave function within these lay-
ers should contribute a small additional energy to the energy
level. It is easy to find that the degenerate states expressed by
Eq. ~4! will split to two nondegenerate states:
c~x !5sin~Dkx !cos kF8x and sin~Dkx !sin kF8x . ~7!
There is slightly a difference between the energy of these
two states because of different distribution of their wave
functions within the interim layers. While for a longer nano-
tube, the energy difference between the two nondegenerate
states is so small that they are mixed again to form approxi-
mately degenerate states. However, these states are only the
mixture of the states, without exact degeneracy. This results
in the small oscillation of the LDOS in Fig. 2.
The similar numerical study on a shorter ~10,10! nano-
tube with 243 atomic tube layers, which corresponds to the
30-nm-long tube in a recent experiment,6 is performed to
verify the above analysis. Because of the shorter length, the
suspensive bonds of carbon atoms at boundary should con-
tribute more to the electronic states. As expected, the energy
levels are found to be in pairs, and the profiles of the wave
functions for each pair of energy levels are in the same form
of sin(Dkx) with Dk5mp/L (m51, 2, 3 . . . ). The LDOS
pattern for a pair ~the two lowest! of energy levels above the
 AIP license or copyright; see http://apl.aip.org/apl/copyright.jsp
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nents are in the form of sin(kF8x1u) with kF8’2p/3a ~see
inset!, and there exists a phase difference of Du5p/2 be-
tween the two states. It is obvious that either one corresponds
to one of the wave functions expressed in Eq. ~7!.
Below a brief discussion is given on the results in the
recent experiments.5,6,10 Because the STM tip in the
experiment6 was scanned within only a very short range
~about 2 nm!, which corresponds to only 10–20 atomic tube
layers in the nanotube, the slowly modulation @sin(Dkx)# is
invisible in this experiment. As a result, only the wave-
vector corresponding the high frequency components, the kF8
in Eq. ~7!, can be observed and measured. By considering the
small departure of the TB model from the real system, the
measured value of kF8 may be slightly different from 2p/3a .
The difference of kF8 between two energy levels should be
much smaller than its shift from 2p/3a . Moreover, depend-
ing on the position x0 of the STM tip or the electrodes, some
energy levels could also be invisible while sin(Dkx0) is close
to zero. It should be noted that the wavelength of the slowly
varied modulation is so long, i.e., comparable with the length
of the tube, that this wave node phenomenon may occur
through nanometers wide, as the size of electrodes. There-
fore, the equal-splitting energy behavior may not be ob-
served in the experiments.5,6,10 Furthermore, it should be
mentioned that the peculiar conductance behavior ~i.e., the
conductance measured between adjacent pairs of electrodes
are similar but not identical! in the multiple nanoelectrodes
experiment on an individual SWNT10 may also be caused by
the position dependent characteristic in finite size nanotubes.
For some energy levels, the electron distribution at some
electrodes tends to zero, so the measured conductance
through it may decrease greatly, and then no conductance
peaks can be observed in these energy levels. As a result, the
conductance measured between a pair of electrodes shows
only parts of the energy level pattern, while the combination
of the conductance pattern measured between different pairs
of electrodes will give a more complete view of the energy
levels in the SWNT. Obviously the combined conductance
pattern in the experiment10 did show almost equal-splitting
energy levels. Figure 4 shows the conductance pattern calcu-
lated between different positions in a ~10,10! armchair nano-
FIG. 3. LDOS for the two lowest energy levels in the nanotube with 243
atomic tube layers. The solid and dotted curves correspond to the first and
second lowest energy levels, respectively. Part of the figure is enlarged as
the inset, where the calculated values are given as marks. The lines in the
inset are given as a guide.Downloaded 14 Feb 2010 to 130.34.135.83. Redistribution subject totube with 1139 atomic tube layers. At a definite energy level,
there will be no conductance peak if an electrode is close to
a node of the corresponding wave function. The results are in
good agreements with the above analysis. It can also be clas-
sified to the interference effects, as what was pointed out by
us in the mesoscopic ring system.11
In conclusion, the finite size effects in armchair carbon
nanotubes are presented. We find that the low-energy elec-
tronic structure of a finite long carbon nanotube can be given
by a generalized ‘‘particle-in-a-box’’ model, i.e., the elec-
tronic structure is dominated by the quantum confining,
which determines the profile of the wave functions as well as
the eigen energies; while the peculiar electronic distribution
is resolved by the structure of the nanotubes. This striking
behavior is attributed to the peculiar electronic structure of
the nanotubes, i.e., two bands intersect the Fermi level.
Moreover, because of the slow variation of the electron dis-
tribution, the measured conductance, probably along with
some other related measurable physical properties, are NOT
independent of the position to measure them, which is the
reason why the tube did ‘‘not’’ behave as one continuous
quantum wire with extended quantum states in a multiprobe
transport experiments.10
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